Abstract. We discuss a phase transition of the second order taking place in non-local 1D Ising chains generated by specific infinite soliton solutions of the KdV and BKP equations.
The Korteweg-de Vries solitonic spin chain
In a series of papers [9, 10] , we described a direct relation between soliton solutions of integrable hierarchies and lattice gas systems (e.g., Coulomb gases on two dimensional lattices). The latter models can be reformulated also as some Ising spin systems with a non-local exchange. In particular, the grand partition functions of specific N -site Ising chains for some fixed values of the temperature were shown to coincide with the tau-functions of N -soliton solutions of the Korteweg-de Vries (KdV) and Kadomtsev-Petviashvili (KP) equations.
We would like to complete here the consideration of [9] and investigate a critical phenomenon appearing in these models in the zero temperature limit. The N -soliton solution of the KdV equation u t + u xxx − 6uu x = 0 has the form [1, 11] u(x, t) = −2∂ 2 x log τ N (x, t), where τ N is the determinant of a N × N matrix M ,
i , i, j = 1, 2, . . . , N.
The parameters k i describe amplitudes of solitons, θ
i /k i are the zero time phases of solitons, and k 2 i are their velocities. The tau-function τ N admits the following Hirota type representation [7] :
where the soliton phase shifts A ij are expressed in terms of the spectral variables k i as
As remarked in [9] for θ i = θ (0) , this τ N defines the grand partition function of a lattice gas model with the chemical potential θ (0) and µ i being the filling factors of the lattice sites by molecules. The constants A ij describe interaction energy of the molecules. Substituting in (1) µ i = (σ i + 1)/2, where σ i = ±1 are other discrete variables, one can pass from the lattice gases to Ising spin chains [3] :
where
Here, J ij are the exchange constants, H i is an external magnetic field, T is the temperature, and k is the Boltzmann constant:
τ N coincides thus with the partition function of a one-dimensional Ising chain with the specific non-local exchange. A similar situation holds for the KP hierarchy and some other partial differential or difference nonlinear integrable equations.
From the thermodynamic point of view, it is interesting to understand the N → ∞ behaviour of these "solitonic" statistical mechanics models. In general there are infinitely many free parameters, and it is difficult to classify qualitatively different cases. An interesting class of models is related to the so-called self-similar potentials [12] . These potentials are characterized by the q-periodicity constraints k j+M = qk j and θ
j , where q is an arbitrary parameter, 0 < q < 1, and M is a positive integer. Exchange constants satisfy in this case the constraints J i+M,j+M = J ij . For M = 1, this translational invariance takes the simplest form J ij = J(i − j) with k i forming one geometric progression, k i = k 1 q i−1 , q = e −2α , where k 1 and α > 0 are free parameters. More precisely,
The KdV coordinate x and time t describe a part of the magnetic field H i decaying exponentially fast for i → ∞ because q < 1. Only the values of constants θ (0) i are therefore relevant for the leading asymptotics of the partition function in the N → ∞ thermodynamic limit. Neglecting this (x, t)-dependence, we come to the constraint H i+M = H i , which is just the homogeneity condition for M = 1. In principle, it is possible to compute the N → ∞ asymptotics for the partition function for arbitrary M -periodic magnetic fields, but in [9] only the M = 1, 2 cases were considered.
Since 0 < | tanh α(i − j)| < 1, we have J ij = −A ij /4β > 0, which corresponds to an antiferromagnetic Ising chain (a similar picture holds for M > 1). Although we have a long distance interaction, its intensity falls off exponentially fast, and the absence of phase transitions in such systems at non-zero temperatures is well known [5] . It appears, however, that there exists a special limit leading to a nontrivial critical phenomenon in this model. Indeed, we consider the limit α → 0 + or q → 1 − . The phase shifts A ij ∝ J ij /kT then diverge. We can take nevertheless as the true exchange constants J ren ij = J ij (q −1 −q) and as the true temperature kT ren = kT (q −1 −q). For the self-consistency of the temperature definition, we should renormalize the magnetic field as well, H ∝ h/(q −1 − q), and assume that h is finite.
As a result, the interaction energy of any spin "in the bulk" with all others,
is finite for q → 1 − (or α → 0 + ). Indeed, the maximal value of this interaction energy is
We use the notation (a;
For the following considerations, we need theta functions [2] 
where q = e πiτ , Im(τ ) > 0, and their modular transformations
whereq = e −πi/τ and √ −iτ is positive for purely imaginary τ . Using these formulas, we obtain
where q = e 2πiτ = e −2α andq = e −2πi/τ = e −2π 2 /α . As a result,
and E i ≤ E max . The limit α → 0 corresponds thus to an infinitely small and infinitely long-range nonlocal interaction model at a low value (zero) effective temperature. There are some other interesting limits. For instance, for q → 0 and finite h, we obtain the high temperature nearest neighbor interaction spin chain, J ren ij ∝ δ i+1,j , T ren → ∞. For finite H, this limit corresponds to the non-interacting spins. The solitonic interpretation describes thus only a two-dimensional subspace of parameters (T, H, q). For fixed q, the temperature T is also fixed, and we can set the "KdV temperature" equal to β = 1.
Using the Wronskian representation for τ N , the leading asymptotics of Z N for N → ∞ was determined in [9] for the M = 1 translationally invariant model and a homogeneous magnetic field. Namely, Z N → exp(−N βf I ), where the free energy per site f I has the form
.
The total magnetization of the lattice takes the form:
The function m(H) grows monotonically with H and reflects qualitative predictions of the general theory of 1D systems with the fast decaying interactions [5] . However, the limit α → 0 with the renormalized exchange and magnetic field breaks down the corresponding necessary conditions, and we obtain a non-trivial critical phenomenon. We substitute in (4) βH = h/(q −1 − q), h > 0, and take the limit α → 0. Since
where q = e πiτ /2 = e −2α ,q = e −πi/2τ = q −π 2 /8α , we have
Substituting this result in (4) and using relation lim α→0 tanh(h/4α) = 1, we obtain
For 0 < ν < π/2, we have
for h < π 2 /2, and χ(ν) = ∞, for h > π 2 /2. The final result therefore can be represented in the form
We have an obvious point of non-analyticity of m(h) or of the free energy f I (h) at the critical value of the magnetic field h crit = π 2 /2, such that the magnetic susceptibility χ(h) = β −1 dm(h)/dh has a jump at it (i.e., we have the phase transition of the second order). This is a typical phenomenon in the systems with long-range interaction, where the mean field approximation gives exact values for the one-point correlation functions (see, e.g., [3] ).
The mean field approximation
In the mean field theory, one considers a few degrees of freedom (usually, just one) of a taken system in an effective mean field of the remaining part of the system. This effective or mean field depends itself on the analysis of the one-body dynamics. As an example, we consider the general spin chain with energy (3) and the mean magnetization at the i-th site of the lattice
Instead of calculating the above sums, we stick to the i-th spin and evaluate its contribution to the energy as
is an effective mean magnetic field at the i-th site created by the external field H i and the rest of the system ∝ j =i J ij σ j .
In the one body problem (5), the configuration space consists of two states σ i = ±1, and therefore
Substituting the values of effective fields (6) in the last equation, we obtain a system of transcendental equations for mean values of all spins
We consider now the translationally invariant system J ij = J(i − j), H i = H. In such a system, all mean values of the spins are the same in the thermodynamic limit, σ i = σ , and from (7), we obtain
The solution of this equation is an intersection of graphs of two functions: y = x and y = tanh β(−Jx + H). We consider two different cases.
1) A ferromagnet in the zero magnetic field: J < 0, H = 0. Our system of equations has only the trivial solution x = y = 0 for β|J| ≤ 1 and three solutions x = y = 0 and x = y = ±m for β|J| > 1 and some 0 < m < 1. The latter nontrivial solutions describe the spontaneous magnetization m at the temperatures smaller than the critical value 1/β crit = |J| (the tanh(−βJx)-function becomes steeper at the origin as β increases and starts to intersect the line x = y in two additional points as its slope exceeds the critical value).
2) An antiferromagnet, J > 0. The only solution at H = 0 is the trivial solution x = y = 0. We consider now the zero-temperature limit β → ∞. In this case, the tanh-function transforms to the sign-function, and we obtain
Solving these equations is rather easy. The function sgn(x) is shifted by H/J from the origin along the x-axis. When |H/J| < 1, it intersects with the line y = x by its vertical part, and the magnetization equals to H/J. When |H| exceeds J, the line y = x intersects with one of the horizontal branches of sgn(x), and the magnetization becomes equal to ±1. The magnetization is thus a continuous piecewise linear function of H consisting of three parts: two constant σ = ±1 for |H| > J and the linear piece σ = H/J connecting them through the origin. In our KdV-solitonic model, we denoted βH = h/(q −1 − q) and E max = (q −1 − q)J. In the limit q → 1, we have E max = π 2 /2β and σ = H/J = 2h/π 2 , which leads to the exact value of the critical magnetic field h crit = π 2 /2. Such a qualitative behaviour of the system is obvious: when the external field exceeds the interaction energy between spins, they all flip in the field direction.
The mean field approximation is known to give exact one-point correlation functions (e.g., the magnetization) for systems with the long-range interaction (as our q → 1 limit). It might be non-suitable, however, for the two point correlators (e.g., σ i σ j ).
We consider now the M -periodic chain. For general (not necessarily solitonic) M -periodic chain, it is reasonable to introduce multi-index exchange J nm (i − j), where i − j is the distance between the cells and 1 ≤ n, m ≤ M are the respective internal cell indices for the n-th and m-th sublattices. In our particular solitonic KdV case, we have
and the energy
In the latter sum the magnetic field is also M -periodic, H (n) i = H (n) , inhomogeneous only inside the cells. The analysis similar to the M = 1 case yields from (7) the following system of M equations for M unknowns σ (n) :
In the zero-temperature limit, we have
where sgn(x) is the sign-function. In the solitonic case (8), the M ×M matrix J = J nm is symmetric with the constant diagonal:
For M = 2, we have J 12 = J 21 ≡ −B and
If we take the uniform magnetic field H (1) = H (2) = H, these equations become symmetric in σ (1) and σ (2) and have the solution σ = σ (1) = σ (2) stemming from one equation
For the completely uniform magnetic field, there exists thus a solution when the spins flip simultaneously for both sublattices for sufficiently large magnetic fields. Simultaneous phase transition exists for all sublattices in the uniform field
and all spins in all sublattices are aligned simultaneously for a sufficiently large H. As seen from (9), such a solution exists, if m J nm are equal, which is certainly true for M = 2 because of the permutational symmetry. But it may be not so for M > 2. For instance, in the solitonic case (10) for M = 3, we have
These three sums are certainly different for 0 < q < 1, and in the limit β → ∞ (which we cannot reach within the solitonic interpretation for q < 1), the magnetization would become a piecewise linear function of H of a more complicated form than in the M = 1, 2 cases. In our model, however, the zero temperature is reached by multiplication of the above sums by q −1 − q and taking the limit q → 1 − (or α → 0 + ). All three sums become then equal yielding the same magnetization as in the M = 1 and M = 2 cases.
The BKP solitonic spin chain
Another Ising chain model solved in [9] appears from the multisoliton solution of the KP equation of B type, i.e. the BKP equation [4] . The corresponding partition function has the same form (2) , where the exchange constants are
, this model coincides with the KdV-inspired model at the twice lower value of the temperature obtained after the change β → 2β. The translational invariance of this spin chain, J ij = J(i − j), yields
where we normalize a 1 = 1 and assume that 0 < q < 1 as before. This gives the exchange
where the parameter b is restricted to three regions (because of the b → 1/b invariance): either −1 < b < −q (the ferromagnetic chain, J ij < 0), or q < b ≤ 1 or |b| = 1, b = −1 (the antiferromagnetic chain, J ij > 0). In the thermodynamic limit N → ∞, the free energy per site for the homogeneous magnetic field H i = H takes the form [9] :
Taking the derivative with respect to H, we find the magnetization
with b = e iφ . For real φ we have |b| = 1, the choice φ = iγ, 0 < γ < 2α, yields q < b < 1, and for φ = π + iγ, we have −1 < b < −q. The limit b → 1 describes the magnetization for the "KdV-spin chain" at the twice lower value of the temperature. A simple test of this expression consists in the choice b = −1 corresponding to the non-interacting spins, J ij = 0. In this case d(ν) = 1, and we obtain m(H) = tanh βH as it should be for the free system. We substitute now q = e −2α and H = 2h/(q −1 − q) in (11) and consider the limit α → 0 + . The factor 2 in front of h was chosen for coincidence of this model with the the KdV spin chain with the effective replacement β → 2β (i.e., the twice lower value of the temperature). We apply the modular transformation to theta functions in (12) and obtain
where τ = iα/π andq = e −2πi/τ = e −2π 2 /α . Denoting
we therefore obtain χ(ν) = lim Since 0 < γ/α < 2, the sin-factors do not influence the asymptotic behaviour, and for 0 < ν < π/2, we find χ(ν) = 0 for h/π < ν < π/2 and χ(ν) = ∞ for ν < h/π. As a result, we obtain m(h) = 2h/π 2 for |h| < π 2 /2 and m(h) = 1 for |h| ≥ π 2 /2. This is the same picture as for the "KdV-chain", as it should be because the limit α → 0 assumes the limit γ → 0 or b → 1. In a similar way, for φ = π + iγ, 0 ≤ γ < 2α, and α → 0, we find b → −1, i.e. the trivial situation of free spins. The most interesting behaviour appears in the region 0 < φ < π, for which we find
,
As a result,
and m(h) = 1, if |h| ≥ π(π − φ)/2. The critical value of the magnetic field, for which we have the phase transition,
depends explicitly on the parameter of the model φ, and for φ = 0, we obtain the previous result. The Ising spin systems associated with the multisoliton solutions of integrable nonlinear equations provide thus the models with phase transitions already in their simplest one-dimensional spin chain realizations. It is interesting to analyze consequences of the antiferromagnetic nature of the exchange. We take for this the KdV-inspired Ising chain and apply different magnetic fields to the odd, H 1 , and even, H 2 , sites. The corresponding magnetization for the odd sites sublattice was derived in [9] :
The magnetization for the even sites sublattice is obtained after permuting H 1 and H 2 in this expression. Obviously, if we take the alternating magnetic field H 1 = −H 2 = H, then the total magnetization is equal to zero, though the sublattice magnetizations remain non-trivial:
However, after substituting βH = h/(q −1 − q) and taking the limit α → 0, we see that our zero temperature critical phenomenon disappears: m odd (h) = 1 for h > 0 and m odd (h) = −1 for h < 0, similar to the free spins system.
Conclusion
As shown in [10] , soliton solutions of integrable hierarchies with the complex values of spectral variables are connected to the intrinsic Coulomb gases on two dimensional lattices with some nontrivial dielectric or conductor boundaries. In this picture, the Coulomb interaction energy between two charges and their effective images created by the boundary conditions plays the role of the soliton phase shifts, the coordinates of charges coincide with the spectral parameters of solitons, and the external electrostatic field is expanded in some series with the coefficients playing the role of integrable hierarchy times. This transparent relation serves as a clue for building new Coulomb lattice gas models exactly solvable at some fixed temperatures. The latter temperatures are also related to the random matrix models [6, 9, 10 ], but we do not discuss here applications of the described phase transition within these interpretations. Our phase transitions are of a rather simple nature. In the lattice gas language, the transition in the M = 1 periodic case describes the situation when the lattice is filled to its limit, i.e. the number of particles equals to the number of sites, and no more particles can be added to the system. In the M -periodic case, such transitions may happen separately, when each sublattice is filled completely one by one, or simultaneously, for an appropriate choice of parameters. Their qualitative features can be found from the mean field theory. There are several interesting questions which would be interesting to analyze in the future, like influences of the hierarchy times on the thermodynamical quantities, understanding of our systems beyond the "solitonic" temperature values, investigation of the higher correlation functions, and so on. 
